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SUMMARY
small-disturbancemethod,
andirrotationality,lead
Theassumptionsofthe_Prandtl-13use smn
togetherwiththerequirementsofcontinuity
toa recursivesystemoffirst-orderpsrMal-dtEferentialequations.The
firsthreesetsofeqpationsofthisiterativeprocedurearerewritten
incomplex-vectorform- readilyintegratedfortheirparticularinte-
grals.Theresultsofthegeneral.analysisarethenappliedtothecase
ofsubsonicflowpastaparaboliccylinder.Thiscalculationshowsthat
thecurtailedsmall-disturbancesolution,withoutherestraininginfluence
ofa controlpsrsmeter,isunsuitableforthedescriptionofsubsonicflow
pastthepsraboliccylinder.When,however,thesmall-disturbancesolu-
tionisdevelopedinpowersoftheundisturbedstreamMachnumber& aS .
a controlparameterandcomparedwiththesolutionobtainedbymeansof
theJanzen-Rayleighor &2-expansionmethod,thetwo*esultsereidentical.
ThisagreementshowsthatthePrandtl-BusemannandJanzen-Rayleighdevel-
opmentsrebuttwoWf erentarrangementsoftheactualsolution.FinaUy,
thesmall-disturbancesolutionfortheparaboliccylinderisexaudnedfrom
thepointofviewofthin-atrfoiltheory.Theseriesdevelopmentofthe ,
fluidspeedatthesurfaceinpowersoftheratiofthersdiusofcurvature
atthevertexandtheabscissameasuredfromthevertexagreeswiththe
resultsofsecond-orderthin-drfoiltheory.Also,a third-orderthin-
airfoilapproximationsproposed.
INTRODUCTION
J!heproblemoftheintegrationoftheequationsofcompressiblef ow
a prescribedsolidboundaryhasbeentreatedmostoftenbytwoapproxi-past
matiopilethods. Thefirstone,initiatedbyJenzenandRayleigh,proceeds
fromtheincompressiblecomplexpotentialnddevelopsthecompressibility
effectsina seriesofpowersoftheundisturbedstreamMachnumber.It
isrestrictedtothestisonicrangebecausethedifferentialequationsof
theprocessarealwaysoftheelliptictype.Thismethod,moreover,is
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suitedpsrticulsr3yforthickbodiesand,hence,forrelativelysmall
criticalstresmMachnuaibers.Thesecondone,thePraxidtl—lhsemanns ll-
&Mmrbancemethod,proceedsfromtheundisturbedstresmanddetermines
thedisturbanceeffectsbyanexpansioni seriesaccordingtoa geometric ‘
p=smetercharacteristicofthebodyshape.This=thodismostsuitable
forslenderbodiesforwhichthecriticalstreamMachnuibersreclose
tounity.Verylittleisknownabouthelimitofconvergenceofthe
powerseriesemployedinthesetwomethods.Ina recentpaper,however,
onhighstisonicflowpasta stiusoidalwall,a plausibleargumentwas
presentedwhichindicatedthatthelimitofconvergenceiscoficidentwith
theattainmentofticalsonicvelocity(ref.1).
ThepresentpapercontainsabriefaccountofImai’selegantversion
ofthePrandtl—J3usemanns ll-disturbancemethod(ref.2). Theoriginal
Prandtl—Busemsnnethodisbasedonthefollowingassumption:If e is
a parameterthatchsrackizesthedepsxtureoftheprofileshapefroma
straight-linese@nent(forexample,thickness,csniber,orsingleofattack)
atzeroincidence,thevelocitypotential# andthestresmfunction~
canberepresentedbyseriesinpowersof E,thecoefficientsofwhich
arefunctionsoftheflow-planecoordinatesx and y. Thus,innon-
dimensionalform:
(1)
wheretheundisturbedstresmisdirectedfromrightoleft.Onthebasis
ofthisassumption,therefollowsfromthegeneralsecond-ordernonlinear
compressible-ftiwequationfor @ or $,bymeansofa compszisonfcoef-
ficients,arecursivesystemofsecond-om3erdifferentialequationsfor
thecoefficientsoftheindividualpowersof e. Thefirstoneisa Laplace
typeofequationendtheonesthatfollowsreofthePoissontype,the
right-handsidesofwhichsreco~osedofpreviouslydeterminedfunctions.
Imai’sversionoftheIhxmdtl—Busemannethodproceedsfromtheset
offtist-orderdifferentialequationsfor @ and * thatresultsfrom
thereqtiementsofcontinuityandtcrotationality.Thus,
-.—. —. . .
-—.— —- . .
(2)
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Then,bymeans Pofeqwtions(1)andthefollowingexpressionfor ~,Pm
(3)
a comparisonfthevariouspowersof e yieldsa recursivesystemof
first-orderequationsfor @l,*1;@2,*2;@3j *3; . . l s~k tO
equations(2).“Thesepairsofequationscenbee~ressedin complex-
vectorformandreadilyintegratedfortheirparticularintegrals.The
symbolsusedintheprecedingequationsaredefinedasfollows:
X,y
Y-f
If
U,v
P
Poa
q
Mea
Y
rectangularCartesiancoordinatesinflowplane
velocitypotential
stresmfunction
velocitycomponents
densityoffluid
densityoffluidin
fluidSpeed
h directionf x.andy-axes,respectively
undisturbedstream
Machnuiberofundisturbed
ratio fspecfiicheatsat
Thequantitiesx, y,#,*,u,v,
sribscriptsdenotedifferentiation
flow
constantpressureandvolume
and q sreallnondimensionalandthe
w threspectothedesignatedvariable.
WhereasintheJanzen-Rayleighmethodtheexpsnsionfthecomplex
2 isalwayspossible,intheFtnandtl—Busemannpotentialinpowersof &
methodtheexpensionf # (or #)intheformofequations(1)cannot
beguaranteedapriori.Indeed,experiencehasshownthatonlyincases
wheretheprescribedprofilehasnostagnationpointsothattheassump-
tionsofthesmall-disturbsmcemethodsreadheredtostrictlycanthe
expansionsfor @ and ~,asindicatedinequations(1),bevalid(refs.3
andk). Mostprofilesof aeronauticalinterest,however,haverounded
leadingedgesandthereforepossesstagnationpoints,intheneighborhood
ofwhichtheassumptionfsmalldeviationfromundisturbedflowisclesrly
violated.Insuchcases,soonerorlater,termsoftheform ~nlogE
mustappe=(ref.~). Theprocedurethenisasfollows:Thevelocity
. . . . . . . . . ..... ..—— .. . . . . . —.— ——.—- ---— — -—— -—-. — -.— — .. -.-— —.——. -— .--——--—-
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po&ntialandstresmfunctionssrestiUassumedintheformofequa.
tions(1),butwiththepsmmetere nowconsi~edasa dummysymbol
whichservesonlytoregulatethecdurseoftheiterationprocess.When
thestreamfunctiononlyisconsidered,theapproximationfu c-
tions~n(n~ 2) areassumedtosatisfytheboundaryconditionthatthey
vanishonthecontour,ereregularb theregionofflowoutsidethebound-
s%Y~~ thefideri~tives~sh toa sufficientdegreeatinfinity.me
firstpairoftermsintheexpsnsionusuallyrepresentshePrandtl-G@uert
linearizedapproximation.Itisfurth&assumedthat,exceptfora small
regionintheneighborhoodfstagnationpoints,thefunction~n andits
derivativesaresmallcomparedwith ~ anditsderivativesforall m < n.
Thequestionwhetherthisassumptionissatisfiedcanbeansweredonlyafter
the ~n havebeencalcuh.ted.
Asborneoutaffirmativelyintheonlytwocasesthusfarcalculated,
namely,theeU3.ptic.cylindersndthecticulsr-ercp ofile(refs.5 aud6),
it seemsreasonableto conjecturethat, if it werepossible% calculate*ntosnyorderand.fleachtermweredevelopedinpowersof & ,theformal
arrangementinseriesofthesepowerswouldyieldpreciselytheJsnzen-
Rayleighsolutionforthesam profile.Theexsmplechosentoillustrate
thegeneralanalysisofthepresentpaperandtoverifythepreceding
conjectureistheflowatzeroincidencepasta paraboliccylinder.This
profileisespeciallyamenabletotreatmentbymeansofboththesmall-
disturbancemethodsndtheJanzen-Reyleighmet od.Moreover-,becausethe
psraboliccylinderrepresentsa megnified~ctureofa stagnationregion,
itisparticularlywe~ suitedfora criticalexaminationofthetiild.ty
ofthesmeU-disturbancemethodforthecalculatiorioftheflowinthe
neighborhoodfstagnationpoints.Itdoesnotfollow,eventhoughthe
precedingconjectureisverified,thatthesmaU.4sturbancem thodprovides
a suitableapproximationtitheneighborhoodfa stagnationpoint.
Thedevelopmentofthenordtmensionalfluidspeedq isobtained
withtheaidofeq~tions(1)and(2). Thus,
(4)
.— --- . ----- .—
— ——— —-- — -— —-
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Thecorresponding ‘“ isobtainedbymeansofeqya-developmentfor ;
tions(3) and(4);thatis,
(5)
A conrpsxisonofcoefficientsofindividualpowersof e inequations
leadstothefollowingsetsofrecursionformulasforthefirsthree
/
(2)
steps:
(6)
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andwiththeaidofthesymbolicrelations
equations(6),(7),snd(8)become,respectively,
%= ‘
where
sides
‘E=o (9)
(lo)
1- -1
(u)
fF. 1-l&2 and ~=1+z++ Notethattheright-hand
ofequations(Xl)and(1.1)srecomposedof,respectively,double
andtripleproductsofpreviouslydeterminedperturbationquantities.
Eqwtions(9),(10),smd(Id_)arefirst-ordercomplex-vectorequations
with-wn asdependentvariableand z and E asindependentvariables.
Theycsnbetitegratedina straightforwwdmanner.Thus,equation(9)
... .._. -. -- . . . ... . . .. . .____ —.— .. .. . —.___ ___ _.. . .. . _.-. .. .. .____ ____ ---
.-. —. .—.—- ----
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meansthatwl isa functionof z only.Thenjthegeneralintegralof -
equation(M) isthefollowingexpression:
e
L
whereF(z) isansrbitrsry
boundaryconditions.
l?romequation(12),the
follows:
d
functionof z tobe~terminedbythe
.,
generalintegralofequation(11)isas
(a-1)[Cr(3+ F) - 1]V1WU2+ *(a - 1)~u(3+ I%)-
(5+3$2)]%Z3+;(.- 1)[.(3+ IF)- l]&dZ+
*.(. - lD’L2[H1(W,$Z+-ti.=q+ykk?(.fwkz,
)} [2wp&’- + Wlwk–z -~ Ma12(a- l)ZWMFZ+
<
‘)+ c&&zc=]+@z,7?1FZ+ w~F (13) “
?
.
...— —. —
----- —-—- ——-—
,2F
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whereG(z) isanarbitrsryfunctionof z tobedeterminedbythe
boundaryconditions.
Itisnoteworthytoremsrkthatintheoriginalversionofthesmall-
disturbancemethodthediffereritialequations‘correspondingtoequa-
tions(9),(lo),and(U) areofthesecond-orderLaplaceandPoisson
types.Therefore,thearbitrsryfunctionsaddedtotheparticular
integralsc nbefunctionsofeitherz or Z only.Pastexperience,
however,hasshownthatcertaintermstithethirdapproximationgive
risetosingularitiesntheregionofflow(ref.6). -se spurious
singularitiesmu tbecompensatedforbytheadditionofsuitablefunc-
tionsof z andof Z incompli.sncewiththeboundaryconditionsatthe
surfaceandatinfinity.Inthepresentversionofjthesmall-disturbance
method,thesrbitraryfuuctionsaddedtotheparticulsxintegrsbcan
onlybefunctiozwof z. Therefore,becamebothfunctionsof z and
fuuctionsof Z arenecessaryfortheremovalofetiernalsingularities
inthepresenceofa solidboundary,thecomplicationofapparentsingular-
itiesintheexternalregioncsmnotoccurinthepresentcircumstances.
Asa finalremark,notethattheformoftlieparticularintegralsobtained
forsubsonicflowremainsthe
-l&z
and u=l-~—”4 #
SUESONICFmw
Beforeproceedingtothe
sameforsupersonicflowwith j32= &2 -1
1
,
PASTA PARAKXZCYUNDER
calculationofthesubsonicflow,the
incompressibleflowpasta psraboliccylinderwillbederived.Thus,
considerthetransformation
wherez= x+iyand{=g+i~. Thenthe~realandimaginarypartd
give
(14)
.- .. . . . .—. ...-. -.---. — --—— -
-. —.....—. -— —--- -- --- ----- .—. ——
— ---- - .-—
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andhence,bythee13adnationofthevsriableq,
x- g2= $ (15)4k2
Thus,thecurvesfor ~ constsntsreparabolaswhosefocisreatthe
origin(fig.l(a). Inordertoobtaintheflowpasta parabolic
cylinder~= go,
observedthatthe
withundisturbedvelocityfromrightoleft,itis
nondimensionalstresmfunctionisgivenby
v=-2(ig- Eo)l-1
Thecomplexpotentialw = @ + i~ isthengivenby
w=
-(L’2- 2EOK)
andthecomplexvelocityb
~=u go
-iv= -l+—
d.z c
Thus,
(16)
----- -- — -.
n
. .-
NACA
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fromequations(14),
E2=X++2+Y’22
Thepolarequationoftheparabolais
11
(17)
25.2
r = l+c06e
where
x= r cose
Y =rstie
Hence,fromthesecondofequations(17),ontheparabola~= go,
,
Therefore,fromequations(16),
v= *~6ine2
. . ---- -- - — --- —— —.-.-...—-. .—-— —-—-—-—— --—-- - -— --— .---— ---—- -—-—- —-
.. —- .. —- ----- -----.—- ---
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AccordingtoBernoulli’stheorem,thepressurecoefficient~ is
%= P;-=l-’$=-2;
2
.
.
Figure2 showsthevelocityaudpressure-coefficientd stributions
alongtheuppersurfaceofthepsraboliccy~. Notethemonotonic
characterof q andthattheundisturbedstreemspeedisreachedat
x= Y=- W(e=fi).
ularlygoodshapefor
disturbancemethodin
I considernowtti
or
Thisbehaviormakestheparaboliccylindera partic-
theexaminationofthePraudtl—13usemanns ll-
theneighborhoodfa stagnationpoint.
mibsoniccase;let
() 2X+ipy= $Ze+;q
Y = 2i5q J
Eliminationof q‘fromthese quationsyields ,
----- -—- —--
(18)
(19)
(20)
.
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Thus,thecurvesfor g constantarepsrabolaswithfociat x =
-~%2,
Y= O withthefocsldistanceG2 i.nd.enendentofthestresmMachnum-
~er w (fig.l(b)).
equation(18)withthe
choiceof ~ wasmade
incompressiblecaseat
Note,ft&her,th~tequation(20)resultsfrom
coefficientof iq completelysrbitrary.The
inorderthatq beidenticalwiththe q ofthe
thesurface.Thus,fromequations(19),
Also,ontheparabola
2P2
(a)
x=- ~2~02+r cose
Y =r sine
where
2g02
r=
l+cOse
Introducingthese~essions intothesecondofequations(Z@ yields
vs*eotsa:
asintheincompressiblecase.
I
----- .G —___ . . ..— —.. -.— .— . . .. —----- -- —--— -— ------- -- .—.. -— —-. - -
. . . . . . . . . -—-— .—
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Now,thefirstapproximationWI. dl+~wl isa function
of z= x + i~y andthereforeof ~= g+fiq only.Comparisonwith
theincompressiblecaseshowsimmediatelythat
Thus,
if= -2(3- go)q (22a)”
whichsatisfiesthelmmdaryconditionthat W= O for g = ~. andthat
atinfinityhedisturbancevelocitiesvanishforpointsnotnesrthe
parabola.Theexpressionforthevelocitypotentialbecomes
$=
Now,letthepositivesense
(z%)
ofdescribingthepsrabolicboundarybe
co~terclockwisewiththepositivenow d3.re&tionnward.TV&, if ds
and dn representelementsofsrcsndinwardnormal,respective~,the
expressionsforthenmmalvelocityintermsofthestresmfunctionand
thevelocitypotentialreasfo~ows(fig.l(b)):
(23a)
—..—-
.
. —.
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Clearly,fromequations
alongtheboundary5=
15
(22a)and(23a),thenormalvelocityvanishes
~0 where- (!h)E=Eo + O from =O=tions (-)
and(23b). Thus,ingeneral,theboundaryconditionscannotbesatis-
fiedsimultaneouslyforboth @ and ~. inthepresentversionofthe
small-disturbancemethod,thefunction# doesnotrepresentthevelocity
potentialoftheflowbutisutilizedonlyforpurposesofnotationand
easeofcalculationofthestresmfunction*.
NOW,withwl= 2~o~~ z= p2~2,equation(12)yields
ThearbitraryfunctionF isdetern@edfromtheboundarycondition
that *2= O onthep=abok (= -{+ 2~o.Thus,
(2d. og&
wheretheright-handsideof
1)log~ +F -F
thisequationisa pureimsgq. -o,
I.p. log~= -1.P.logg
I.P.~=-1.P.F
------ . .......- .-— .—. - ------- —-..-——— .—--— ------ —
—-—— —.. — .----—
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Hence,ontheboq~ .
[
2 ~<1.p. (c- 1)1 Eo 1(g-2go)2-4a~-2~o-2uMgcI.P.F= ~ B2 C2 c
~ expressiontheright-handsideinvulvesthevariable~ onlyand
isregularthroughoutthefieldofflow;therefore,
-l
.
Thus,
Thisexpressionfor *2 satisfiestheboundaryconditionthatitvanishes
atthesurfaceofthepsraboliccy~ E= go andalongthex-axis
(Y$=n= O)OtiSidetheboundary.~ addition,Itvsmishesatinf~ty.
m ~ession forthe-thtrdapproximation~ isobtainedfim
equation(13)-= thefoUowing,.therearelistedsomeoftheindividual
termsofequation(13)andthecorrespondingtermsofthesrbitraryfuuc-
tionG~(c~ chos-insuchawaythatitisrex e~e inthe
fieldofflowendthat *3 vanishesalongthepsrabo~E= go -
alongthex-axisy-q = O:
.. —--
.
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J 2dZ‘lz %?
EJ(c- 2EO)2
%%z=l%r
2E03c
–2 ___
‘lwlz pk ~
(c- 230)3
*4
.
(25)
.
. ----- .-_. ... .. .. . ---
—. -., - --- .-..._— _ ______ _____.... .
.—.—.. . . . . . ____._~_ _.
18
Thus,
NACATN3318
.
. . .. . .
}
#~-U&(3+~2) . (13+3p2~ (~-2Eo)2-
C3
(2U-1)[U(3+P2)-2] 1 c
c-2gobg~+
{
-: M&2u(3u- 1)+
2(U
[ 1}-1)u(3+p2)-1 c -250
{
+2&%#-
C2
.
.
. .
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Thisexpressionfor G
theapparentpoleat ~
Thenthe~ressionfor
19
isregularthroughoutthefieldofflow,since
{= 2~o iscanceledbythezerooflog— there.
2E0
W3 iSgivenby
((2u4r(3+f5-4p..’*-*
- “a)+~’03$f”-’)F”-l)f+
.
.
----- ._ ___.
.. ..— —..—— ..—. — ——. __ —____
—-- ------—-—-—— - — . . . . .. ——
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%“
B%l%qd + 15Eok2 - 2TXO% - 2U.3) + 13%4(15E3+ 140F - U#g - 2g03) - .
d5(5E + ko) + Eo%&w -1)1 [(C-Eohl#E3(@ - 3140E- &02) -(pE2+~2)4
.
12&?E (%2+ EOE- %2)+ q4(@+ Eo) + %%s2
{
h - Eo)n *2 -
(~2E2+ ,2)3
#u-l)p7+F)-
}
(5+ 3&ij ~E2(E + xo) - (3E + Eohs-
kok’%(u+1)(E-Eoh
[
(3#E2-@ -; E.~ob2(u-1)[u(ll+5132)-~E-
($%2+nzy
}
(k-Bo)n [ E-E.
[
~x@E2+q2_&L2Eo 1+;Eoaqzda-1)(7+ l??)+2(02E2+ $)2 (B2E2+~)P(E - *0)2+ #] 4#Eo2
1
#(E2 - 2Eok)+ n2 ~-1 =
“
(26)
MO t%
Thisexpressionfor *3 satisfiestheboundsryconditionthatitvanishes
atthesurfaceofthepsraboliccylinder~= go andalongthex-axis
(y~ q = O)outsidetheboundsry.Thecompleteexpressionforthestresm
function~,inclusiveofthethirdapproxhation,isthengivenbythe
sumofequations(22a),(24),and(26).
ForthepnposeofcomparisonwiththeJanzen-Ra@eighsoltiion(to
bed=civedh thefollowingsection),theexpressionforthefluidspeed
attheboundarywillnowbeobtainedintheformofa power-seriesd vel-
opmentIn l&2. Synibol.icaUy,
a—=
ax
.
-.. .
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and
.
Also,intermsoftherelevantquantities,
1*Jy$,y-*3y +”””
Then,ifonlythetermsthatinvolvetheMachnuuiberupto l&2 are
retained,
v= -2(tj- ~o)ll+ =2EO% - Eo)-
[
g2+ 72
+ &2 Eoqlog— “
E2+ qz 4E02
and
.
Now,alongthesurfaceofthecymer 5= ~o,wheremostoftheint~est
centers}
. . ..— .- ...- ---- -- —-—-—-— --—- -—— ---— ------— ---- —-— ------ ———-—---—— --- —--
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Hence,with
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r
it followsthat
.
(E02-
1}
qz)tan-1:
0
(27)
Thesolutionoftheproblemofsubsonicflowpasta psr*olicylinder
bymeansoftheJanzen-Rayleighmet odfollowsalongthesamelinesasthat
bymeansofthesmall-disturbancemethod.Thus,
—— . . —.-—— —-. ..-— ——.—. --—-.—— -. —- —..- —.
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“ $=@o+l&@l +... 1
If= V(J+Mx12*~
where@oW *O sre>respecti~~j
potentialndstresmfunction.Again,
powersof l&2 yields
(28)
theincompressiblevelocity
fromeqpation(3),e~sndingin
.
:=l.$~z~-(,o:+,o;j+... (29,
Then,fromequations(2),a comparisonfthevariouspowersof &2
yieldsthefollowingrecursivesystemoffirst-orderequationsfor
[ 1!$h=Wly- * VOy1- (#ox2+ 5Joy2)
Now,let
(x)
(31)
... . .. ...-. —-- . . . . . ---- -- —.- . .... . . . --. — -—. . —- —- - .. -.. -—--— -—-—...—— . . . . . ---
.
..
24 NACATN3318
Eqpations(~) and(31) thenbecome
.
(32)
(33)
Equation(32)meansthatW. isa functionof z only,amdthegeneral
integralofequation(33)is
(2)
whereH(z) isanarbitraryfunctiontobedeterminedaccordingtothe
boundsryconditions.
Fortheparaboliccylinder,
Wo=
-(c - EO)2
IYomequation(*) then
:
--—-
.
—
4F ‘
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ThearbitrsryfunctionH isdeterminedfrom
that *1= O ontheparabola~ . .~+ 250.
wheretberight-handsideofthisequationis
I.P.f(~)= -I.P.?(~);hence,ontheboundary,
r
.
25
thebouudarycondition
Thus, 1
a pureimaginsry.Also,
Thee~ressionontheright-hand,sideinvolvesthevariable~ onlyandis
regularthroughoutthefieldofflow;therefore,
I
.
.
. . . . . . . . .. ... ______ ____ ___ __
—-- —-— -—- --- —- .-— .— ___ _________ .- ._._
26
Then,
r
1 %%-go)2go+,@;(E2+~2)(E2+ f - 4kok+ 4E02)
(36)
(37)
..
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Usually,mostoftheinterestliesinthevelocitydistributiononthe
boundsry. Thus,mibstitute~= ~. intoequation(~) sndinthe
-R.P.(~- ~o)2;thenattheboundary
Thevelocityofthefluidisgivenby
~
=
Hence,
1
J
Thisequationisinsgreementwithequation(27).Thus,thesmall-
disturbancesolutionwhen~anded inpowersof l&2 yieldsprecisely
theJanzen-Rayleighresult.Nuw,attheuppe&surface,q= ~.tan~;
therefore,
(
q=si++%?
{ [
COS2: 2sin:+cos:0cose -
( )]]2sinelog2cos: (38)
. . .. ..____ ___ ___ ..-_
. —...--. . . . . - -.. _. —— _______ . - _...__
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%?=p<
@ .
= ({ [cos2~ l+~I&2 l+3f3in2~+ 8inet3c08e.4
( ]})2sin010g2cos: (39)
TableI listsva@esof q and ~ for & = O.5 overtheuppersur-
faceofthecylinderandfigure2 sh~ thecorrespondinggraphs.
Sincethecompletionofthispapertheattentionftheauthorhas
beendrawntoa recentcalculationbyImaioftheJanzen-Rayleighsolution
fora parabolaincludingtermsin I&k (ref.7). Anerrorinsignin
reference7 hasbeencorrected.(Notelastterminequation(38)).
DISCUSSIONOFANALYSIS
ThemainconcernofthispaperhasbeenthepresentationofImal’s
elegantversionofthesmdl-disturbancemethodsnditsapplicationto
theproblemoftwo-dimensionalcompressiblef owpastaparaboliccykl.nder.
TheexsmpleoftheparaboliccykLnderwaschosenforthed@. purposeof
illustratingtheresultsofthegeneralanalysisandforcomparisonwith
the &2-e~ans~onorJanzen-Rayleighmet odofsolution.
Oneofthebasicassumptionsofthesmall-disturbancemethodisthat,
exceptfora smallregionintheneighborhoodfthenose,thederiva-
tivesof *n mustbelessthanthoseof ~ wherem < n. A numerical
comparisonatthesurfaceoftheparaboliccyMndershows,however,
that‘~ > ~~ overa largeportionofthesurface.Presumably,\ifit
werepossibletocalculate~n toanyorder,theconditionthat ~m < *~
for n> m wouldbesatisfiedfromsomedefinitevalueof m onward.
Althoughthesolutionasobtadnedh thepresentpapersatisfiesthe
boundaryconditionsatthesurfaceandatinfinityforeachstepofthe
iterationprocess,violationftheforegoingbasicassumptionrenders
-.. — . . ..
-— —— --- .
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thecurtailedsolution
pressuredistributions
resultswithregsrdto
29
uselessforthecalculationoftheyelocityand
atthesurface.Nevertheless,omeinteresting
thin-airfoiltheorycanbeobtainedfromthe
—
expressionsfor *1, *2,~ *3 obt~dfiomeq~tio~ (-), (24),
w (26).Thus,byfollowingtheideasofVanDyke(ref.8),thevelocity
atthesurfaceoftheperaboliccylinderisdevelopedina seriesof
2g02
powersof —j theratiofthersdiusofcurvatureatthevertexsnd
~2
theabscissameasuredfromthevertex.Forthispurpose,considerthe
followingexpressionforthefluidspeedq intermsofthederiva-
tives*n: .
(40)
2E02
whereonlythosetermshavebeenretainedwhichinvolvetheratio—
~2
inclusiveofthesecondpower.hornequations(22a),(24),and(26),
thereqtiede~essionsforthederivativesof *1, V2,W ~3 at
thesurfaceoftheparaboliccylinderareasfollows:
--- .—. .. . .. —-_—-. = .-. . --. —.—. .— .—. -.. —___ -----.—— —- ——--— -.-—--- —--- -
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(41)
Substitutionofthese~essions intoequation(kO)thenyields
.
.—
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(42)
Thefirstwotermsontheright-handsideofthisequationagreewith
theresultsofsecond-orderthin-airfoil,theory(ref.8). The-d
termpresumablywouldbeobtainedfroma third-orderthin-airfoiltheory.
Althoughthistermhasbeenwrittenina formtosuggestthatitisof()~Eo22order ~2 , itisofinteresttonotethattheexpression
1 1
tan-l — canbeexpandedasfollows:
#3; B:
3Thisexpansionleadsto a termoftheorder–; namely,
2
(43).
..
------- --—— ..— —--- —..—. ----
-— - ..— — —- —— ______ __.. -. ___ -. ___
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Thetklrd-orderthin-a~oil result canthenbewrittenas follows:
1’)1 2E02q=l --- l+(cr-4 2q2 - 1l)I&2+
[
z 3/2
1( )
260%&2 U(u- 1)(7+ B2)+2 — (44)
F $2n2
Thesmallcirclesinfigure2 designatepointscalculatedbymeansof
thisequationwith& = O.5.Theftrstcirclecorrespondsto e= 120°
2g02forwhichtheparemeter— equals~. Ifthetermsthatinvolve
nz 3
2
()
2*62
~
areincluded,
eienforvalues of e
nose.Forexempl.e,q
themsgnitude of q becomesgreaterthanunity
correspondingtopointsrelativelyfarfromthe
= 1.0132’atthepointcorrespondingto e=120°l
.
Thesespuriousvaluesof q indicatehattiefourthapproximationof
thesmall-disturbancemethodmustcontributeadditionaltermsofthe
LangleyAeronauticalIkboratory,
NationalAdvisoryCommitteeforAeronautics,
-y FieU, Vs., September21, 1954.
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TAHLEI
VELOCITYANDPRESSUM!HOEFE’ICIEN’I!D STR EUIIONS
e,deg
o
5
15
g
60
75
90
log
135
150
165
la
Mm=O
o
.0436
.1305
.2588
.3827
.5000
.6088
.7071
.7934
.8660
.9239
.9659
.9914
1.0000
1.0000
.9981
.9830
.9330
.536
“7500
.6294
.5000
.3706
.2500
.1465
.0670
.0170
0
0
.0403
.1207
.2402
.3573
.4705
.5781
.6782
.7687
.8472
.91L5l9596
.9896
1.0000
%
1.0625
1.0607
1.0459
.9971
.9185
.8147
.69~5
.5565
.4184
.2866
.1707
.0795
.0207
0
.—.--—
.—
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Incompressibleflow. (b)
Figure 1.- ParaboliccylinderIntwo
F‘to x
+1
Compressiblef ow.
@es offlow.
IFigure2.-Velocityandpremure-coefficient distributionalong upper pJ
surface 02?parabolic cylinder. s
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